In this paper, we construct a new class of deformable models using new biorthogonal wavelets, named Generalized Hermite Distributed Approximating Functional (g-HDAF) Wavelets. The scaling functions of this new family are symmetric and the corresponding wavelets optimize their smoothness for a given number of vanishing moments. In addition, we embed these multiresolution deformable models to the physics-based deformable model framework and use them for fitting 3D range data. We have performed a number of experiments with both synthetic and real data with very encouraging results.
Introduction
Modeling shapes is an integral part of computer vision driven by the need for shape reconstruction from sampled data and shape recognition. The deformable superquadrics introduced by Terzopoulos and Metaxas [13] represent the physicsbased unification of the parameterized and the free-form modeling paradigms. The geometric structure of the models supports both global deformation parameters, which efficiently represent the gross shape features of an object, and local deformation parameters, which capture shape details. An important benefit of this global/local descriptive power in the context of computer vision is that it can potentially satisfy the often conflicting requirements of shape reconstruction and shape recognition. However, these models do not exhibit a smooth transition in the number of parameters required by the range of generated shapes.
To overcome this shortcoming, Vemuri and Radisavljevic [15] introduced a multiresolution hybrid modeling scheme that used an orthonormal wavelet basis [10] . By virtue of the multiresolution wavelet representation, their hybrid models have the unique property of being able to scale smoothly from global to local deformations depending on the number of the coefficients used to represent them. Thus, one may choose a set of wavelet coefficients at a particular decomposition level from the multiresolution representation of the hybrid model to augment the global parameters of the model.
In this paper, we construct a new class of multiresolution deformable superquadrics with respect to new biorthogonal wavelets, named Generalized Hermite Distributed Approximating Functional (g-HDAF) Wavelets. The scaling functions of this new family are symmetric and the corresponding wavelets exhibit enhanced smoothness for a given number of vanishing moments. In addition, we embed these multiresolution deformable models into the physics-based deformable model framework and use them for fitting 2D and 3D data. Our contributions are the following: 1) the development of a new class of linear phase wavelets (note that their associated scaling functions are symmetric with respect to the origin), 2) the development of a new class of deformable models using this new orthogonal wavelet basis, and 3) a comparative study of the wavelet transform of a deformable model's displacement map with respect to various commonly used orthonormal wavelets. The multiresolution wavelet basis that we have developed allows us to construct compact and diverse shape representations.
Our motivation to develop a new class of linear-phase wavelets stems from the fact that there are no known classes of well-localized (in the time domain) symmetric multiresolution filters. In fact, it is known that orthonormal compactly supported scaling functions cannot be symmetric (with the exception of the Haar scaling function) [2] . An important property of these newly developed g-HDAF wavelets is their enhanced smoothness as compared to the smoothness of the most commonly utilized classes of compactly supported orthonormal wavelets. This higher degree of smoothness together with their symmetry will increase the sparsity of the wavelet representation of the local deformations of the deformable models.
Methods

Biorthogonal g-HDAF wavelets
For the purposes of this paper, we construct a new class of Quadrature Mirror Filters (QMF) which we name generalized HDAF biorthogonal filters. Hermite Distributed Approximating Functionals (HDAFs) were introduced by Hoffman and Kouri in [4, 5] . Nonetheless HDAFs are not periodic functions so they are not QMFs [8] . Several classes of wavelets have been generated inspired by the original HDAFs with varying degrees of success (e.g., [6] ).
Recently, we presented how to use HDAFs to construct low pass filters for orthonormal univariate scaling functions (which we dubbed modified HDAF scaling functions), which produced results that improved previous constructions [8] . An HDAF h N,σ is defined in the Fourier domain by:
where N ∈ Z + and σ ∈ R + . We modified the HDAF as follows [8] :
and we extended m 0 1-periodically. We also imposed the condition m 0 (
is an orthogonal scaling function, which we called m-HDAF scaling function. For every N , the unique σ is determined byĥ N,σ (
2 . In this paper, we introduce a new family of biorthogonal infinite impulse response (IIR) wavelet filters based on the HDAFs, which we name generalized HDAF wavelets. Recall that the auto-correlation of a function φ is defined by:
Since Φ is absolutely integrable and φ is in L 2 (R), one can assert that Φ can be replaced by a uniformly continuous function. With this remark in mind, we consider Φ to be uniformly continuous.
One can also verify that Φ(k) = δ k,0 , for all k ∈ Z, and
where M 0 (ξ) = m 2 0 (ξ). We refer to the filters that satisfy Eq. (2) as interpolating filters, and to such a Φ as an interpolating scaling function. and C = 1.
A modification of the corresponding argument in [9] shows that Φ ∈ L 2 (R).
.
This leads to k∈Z
. Proposition 1 implies that Φ is an interpolatory Riesz scaling function associated with an MRA. We say that a function F is stable, if F and its integer translates form a Riesz basis of their closed linear span.
To obtain a numerically stable decomposition and reconstruction algorithm, we need another function Φ d . The integer translates of Φ and Φ d must form a pair of dual Riesz bases. In other words, Φ and Φ d must be stable and satisfy the following biorthogonal conditions:
where ·, · is the inner product of 
for all ξ in [− 
Clearly, the functions Φ and 
Thus, Φ and Φ d is a pair of dual functions. The dual frequency response is given by:
Method 2: Given an interpolatory FIR filter, the construction of its dual filters is provided in a number of papers [7, 12] . In this paper, we extend the work of [7] from FIR to IIR.
Proposition 2.
Let M 0 be a lowpass filter satisfying Eq. (2). Then, for each J ∈ Z + the filter,
Proof: Using Eq. (2) and
Finally, since M 0 (0) = 1, using the definition of 
g-HDAF Multiresolution Deformable Models for Shape Modeling
The models used in this work are three-dimensional surface shape models. The material coordinates u = (u, v) of a point on these models are specified over a domain Ω [11, 13] . The position of a point (with material coordinates u) on a deformable model at time t with respect to an inertial reference frame Φ is given by: a 1 , a 2 , a 3 , 1 , 2 ] . A superquadric surface is defined by a vector sweeping a closed surface in space by varying the material coordinates u and v. The parametric equation of a superquadric is given by [1] : (u, v) . Here, S is the shape matrix whose entries are the finite element shape functions.
Surface Fitting
Through the application of Lagrangian mechanics, the geometric parameters of the deformable model, the global (parameterized) and the local (free-form) deformation parameters, and the six degrees of freedom of rigid-body motion are systematically converted into generalized coordinates or dynamic degrees of freedom as described in [11] . The resulting Lagrangian equations are of the forṁ q + Kq = f q , for shape estimation, where K is the stiffness matrix, the f q are the generalized external forces that act on the model, and the q are the model's generalized coordinates. The damping and the stiffness matrices determine the viscoelastic properties of the deformable model. Expressing the stiffness matrix in the g-HDAF wavelet basis is explained in detail in [8] . In physics-based shape estimation techniques, data points apply forces to the deformable model. These forces are converted to generalized 3D forces. Based on these forces the model will deform to minimize the discrepancy between the model and the data.
Experimental Results
We have applied the new multiresolution shape models for recovering the 3D surface shape from synthetic and real range data. We have assessed the accuracy, limitations, and advantages of the g-HDAF deformable models by comparing the performance of the multiresolution deformable models constructed using g-HDAFs (Gn), m-HDAFs (Hn), Daubechies (Dn), Symlets (Sn) [2] , the Butterworth filter (Bn) [3] , the orthogonal spline filter (M) [10] , the orthogonal fractional splines (Fn) [14] with X vanishing moments, Coiflets (Cn) with 2X vanishing moments, and the orthogonal spline with 4 vanishing moments. Due to space restrictions, we present only selected results. Complete results for a variety of data and the complete set of the wavelet bases we examined can be found at [8] .
In the first experiment, we applied our technique to fit synthetic data obtained from a graphical model of a chess piece. Fig. 1(a) depicts the data, Fig. 1(b) depicts the estimated shape model, while Figs. 1(c-e) depict the estimated (by the fitting process) displacement maps q dx (u, v), q dy (u, v) and q dz (u, v), respectively. In the second experiment, we applied our technique to fit female breast surface data. Fig. 1(f) depicts the breast range data obtained from a subject, Fig. 1(g) depicts the estimated shape model, while Figs. 1(h-j) depict the estimated displacement maps q dx , q dy and q dz , respectively. Table 1 shows the RMSE of the reconstructed maps using the LL subband only. To evaluate the efficiency of the g-HDAF filter, Table 2 shows the RMSE performance (R) for a sequence of the estimated displacement maps if all highpass subbands are suppressed. The corresponding results for various filters are also included. Table 3 contains the number of transform coefficients of one level decomposition that can be ignored if we require the RMSE of the reconstructed q dx (u, v), q dy (u, v) and q dz (u, v) to be 0.0001. Applying this procedure to a sequence of the estimated displacement maps, Table 4 depicts the percentage of the insignificant coefficients when the RMSE of the reconstructed maps is 0.0001. Again, for comparison, other filters are included in this table. From above four tables, we can see that the g-HDAF filters perform best among all the filters exam- ined in this paper. Since our filters are symmetric, we use the symmetric extension of the functions q dx , q dy and q dz , and the most favorable extension for the other families.
The main reasons for obtaining an overall improved performance using the proposed filters are the following. First, all g-HDAF biorthonormal wavelets are literally linear phase wavelets. The linear phase, which is the result of symmetry of the corresponding low pass filters, enhances the sparsity of wavelet decompositions, especially if the input matrix is symmetrically padded. Second, g-HDAFs appear to be smoother than their Daubechies / Symlets / Coiflets counterparts with the same number of vanishing moments. In addition, the symmetry of the low pass filters reduces the computational complexity. However, one possible drawback could be the significant length of g-HDAF filters (in this paper, we used filters with 23 filter taps for M 0 and 45 taps for M d 0 ). Although, g-HDAFs have infinite length only a small portion of their filter taps, located around the origin, plays the significant role in the wavelet transform. This is due to the good localization of the g-HDAF scaling functions and wavelets in the time domain, which, in turn, is due to the optimal localization of the HDAFs in the time domain. Note, also, that the length of the significant part of the low pass filters remains almost the same for any number of vanishing moments.
Concluding Remarks
In this paper, we presented the construction of a new class of linear phase wavelets (g-HDAFs) and the development of a new class of deformable models using this new biorthogonal wavelet basis. Experimental results indicate that the g-HDAF multiresolution deformable models achieve higher energy compaction than those based on conventional wavelets. This attribute makes them useful for shape reconstruction, shape recognition, and geometry compression. 
